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Way back in the 14th century, the mathematicians and A systematic exposition of the work of the Kerala School,
astronomers residing on the banks of the river N'il'a in this to be found in the famous Malayalam wdBlarita-yukti-
south Malabar region of Kerala—in the context of finding bhasa (Rationales in Mathematical Astronomy) composed
the exact relationship between the circumference and they Jyeshadeva (c. 1530)—a disciple of D'amodara and ju-
diameter of a circle, as also that between an arc and the conior to N'1lakatha. Another detailed exposition is available
responding chord of a circle—developed several ideas anoh the Sanskrit commentaries written I'%ahkara Variyar
techniques of what goes by the name of infinitesimal calcu{c. 1500-1550):Kriyakramakar on L il avat1 of Bhaskara
lus today. In fact, they had advanced to the point of discovand Yukti-dpika on Tantrasaigraha of N'ilakatha. The
ering the series expansions of the sine, cosine and arctaseope of the present article is confined to provide a brief
gent functions. It has now been generally recognized thabverview based on the exposition given Yuktiblasa
these achievements of the Kerala School, are in fact verwith occasional references to the other works such as
much in continuation with the earlier work of Indian math- Aryabhatya-bragyaandKriyakramakar.
ematicians, especially of thryabhatn school, during the

period 500—135@E [4,5,6]. To provide a glimpse of some of the concepts and meth-

ods developed by the Kerala mathematicians, we start our
The Kerala School, pioneered by Madhava (c. 13404discussions with the issue of irrationality af and the
1420) and followed by illustrious mathematicians andsummation of infinite geometric series as presented by
astronomers like Paramesvara, D amodara, Nilekan Nilakatha in hisAryabhatya-blag/a. We then consider
Acyuta and others, extended well into the 19th century ashe derivation of binomial series expansion and the esti-
exemplified in the work oBankaravarman (c. 1830). Only a mation of the sum of integral powers of integers, as dis-
couple of astronomical works of M'adhava seem to be extarussed invuktiblasa. These results constitute the basis for
now. Most of his celebrated mathematical discoveries—the derivation of the infinite series féy due to M adhava.
such as the infinite series for, its fast convergent ap- We shall outline this derivation as also the very intereggtin
proximations and so on—are available only in the form ofwork of M adhava on the estimation of the end-correction
citations in later works. Madhava’s disciple ParamesSvarterms to find accurate approximationstoln the final sec-
(c. 1380-1460) is reputed to have carried out detailed obtion, we shall deal with another topic which has a bearing
servations for over 50 years and composed a large numben calculus, but is not dealt with Muktiblasa, namely the
of original works and commentaries. evaluation of the instantaneous velocity of a planet. Here,

_ . i we shall present the formula for the instantaneous velocity
Nilakatha (c. 1444-1550), disciple of Paramesvara’s faol . — - .

=5 t by N ilak#éma which Ives the d -
son Damodara (c. 1410-1520) and the author og apaanet given by It lakm which Involves the deriva

Tantrasangrahaand Aryabhatya-bhagy/a, is the most cel- ve of the arcsine function.
ebrated member of Kerala School after Madhava. Apart

from expounding in detail on the mathematical discoveries . .

of Madhava, NTlakéra also came up with a remarkable re- Irrationality of

vision of the traditional Indian planetary model which—for Having specified the ratio of the circumference to the diam-
the first time in the history of astronomy—gives the COIeCtatar of a circleﬂryabhaa in hisﬂryabhat_ya (c. 499AD)

formul_emor_] of the equation of centre and latitudinal matio refers to the valuleas ‘approximate’@sanna. Nlakatha
of the interior planets [8].

1The value given i92332 — 3.1416, correct to four decimal places.



while commenting upon the verse in hisryabhalya-

bhagya raises the question: “Why then has an approximate

value been mentioned here instead of the actual value?
and then explains [1, p. 41]:

Given a certain unit of measurement in terms of
which the diametenfyasa specified has no [frac-
tional] part iravayavg, the same measure when
employed to specify the circumferengeafidhi)

will certainly have a [fractional] parsavayava.
...Evenifyougo alongway (i.e., keep on reduc-
ing the measure of the unit employed), the frac-
tional part [in specifying one of them] will only
become very small. A situation in which there
will be no [fractional] part is impossible, and this
is what is the import [of the expressiasanna.

Evidently, what N ilakaha is trying to explain here is the
incommensurability of the circumference and the diamete
of a circle.

Sum of an infinite geometric series

In his Aryabhatya-brasya, while deriving an interesting
approximation for an arc of a circle in terms of th&
(Rsine) and thé&ara (Rversine). N llakatha presents a de-
tailed explanation of how to sum an infinite geometric se-
ries. The specific series that arises in this context is:

( ) e

At the outset, Nilakdina poses a very important ques-
tion [1, p. 106]:
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How do you know that [the sum of the series] in-
creases only upto that [limiting value] and that it
certainly increases upto that [limiting value]?

Proceeding to answer the above question, N Ithiirst
obtains the sequence of results
1 1 1

3 17y

2Considering a circle of radius R, ¥ = R#@ is the arc of a circle,
subtending an angk (in radians) at the centre, then
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and so on, which leads to the general result

@] Q)

N'1lakatha then goes on to present the crucial argument:
As we sum more terms, the difference betw%eemnd sum

of powers of% (as given by RHS of the above equation),
becomes extremely small, but never zero. Only when we
take all the terms of the infinite series together do we obtain
the equality expressed in (1).
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Binomial series expansion

Yuktiblasa [2, pp. 188-89] presents a very interesting
gerivation of the binomial series fgit + )~ by making
iterative substitutions in an algebric identity. The metho
given in the text may be summarized as follows.

Consider the product (g) where some quantity is
multiplied by the multiplierc, and divided by the divisor
b—all assumed to be positive. This product can be rewrit-

ten as:
@ (b)

(b—=c)

¢ (b—c)'

3

; 3)

In the expressiom-—~ appearing above, if we want to

replace the division by (the divisor) by division byc

(the multiplier), then we have to make a subtractive correc-

tion (calledsodhya-phalawhich amounts to the following
(b—c¢) (b—c)

equation.
5 =aq P < X 2 ) . @

(b—c)
Now, in the second term (inside parenthesis) if we again re-
place the division by the divisdr by the multiplierc, we
have to make a subtractive-correction once again and pro-
ceeding thus we obtain a series in which all the odd terms
(leaving out the first terma) will be negative and the even
ones positive®

=0

a

c (b—c¢)

“
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31t may be noted that if we se‘f’;—c) =z, theng T
the series (5) is none other than the well known binomiakseri
a
+ (=1 m m + ...
Tra (-1)ax
which is convergent for-1 < =z < 1.

Hence,

:a—ax+ax2—...
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Regarding the termination of the process, bwtiktibrasa

andKriyakramakar clearly mention that logically there is

Proceeding along similar line¥uktibrasa argues that

nS¢F=D gk — g g7 g (11)

If the lower ordersankalita Snk’l) has already been esti-

k
no end to the process. However, they note that the proceggated to besi " ~ 17, then (11) leads to

may be terminated after having obtained the desired accu-

racy by neglecting the subsequeattalasas their magni-
tudes become smaller and smaller. In f&aiyakramakar
explicity mentions the condition(§{ ~ ¢) < ¢) un-
der which the succeedinghalaswill become smaller and
smaller [4].

Estimation of sums of integral powers of natu-
ral numbers

The word employed in the Indian mathematical literature

for summation issankalita. Yuktiblaga [2, pp. 192-96]

gives a general method of estimating the sum of powers of

natural numberss@ma-ghta-saikalita). The detailed pro-

cedure given in the text—which is tantamount to providingoutlined in Yuktibraga [2, pp. 183-98] .
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M adhava series forr

The infinite series fof; enunciated by M adhava in the form
of a verse' is the well known series

us 1 1 1
—=1l—c+=-—=... . 13

4 3 + 5 7 (13)

We shall now present the derivation of the above result as

For this, let us

a proof by induction—may be outlined as follows. The sumconsider the quadraii? P, P,,S of the square circumscrib-

of the firstn natural numbers may be written as

S = n4m—1)+...+1
= n+(n-1)4+n-2)...4+(n—(n—-1))
= nn—[14+2+..+(n-1). (6)

Whenn is very large, the quantity to be subtracted frafn
is practically prayera) the same as*,(f), thus leading to the

estimate

n2
2

n? — SV or S ~

(7)

The sum of the squares of the natural numbers upttay
be written as
+ 1%

S =n? 4 (n-1)>%+.. (8)

It can be easily shown that the excessist! overs'? is
S& =5 450 LMy

nSLH — 9)

Recalling (7), the above equation may be written as

2 2 (2)
W _o@ o =D (n-2) S
nSy, S, 5 + 3 + ... 2
3
or ISP % (10)

ing the given circle (see Figure 1) of radius Divide the
side Py P,, into n equal parts( very large). The resulting
segment P;’s (i = 1,2, ...,n) are known as thbhujas
and the line joining its tip and the centf®P;’s are known
askarnas The points of intersection of thesarpas and
the circle are denoted hy;. Thebhujs P, P;, thekarnas
k; and the east-west lin@ P, form right-angled triangles
whose hypotenuses are given by

s (¢T)2
ki =T + - .
n

Considering two successiarnas—ith and the previous
one as shown in the figure—and the pairs of similar trian-
gIes,OPl-,lci andOAilei andPl-,lC’iPi andP()OPi, it
can be shown that

2
Ai1B; = (%) (k:ﬂﬂ)l

4This verse is cited byéahkara Variyar in his commentary

Kriyakramakaron L'il'avat 1

vy ase v aridhinihate r'upthvy asas agar abhihpte

trisar adiviemasankhy abhaktanam svam prthak kramat

kuryat|

The diameter multiplied by four and divided by unity [is faln

and saved]. Again the products of the diameter and four are

divided by the odd numbers like three, five, etc., and the re-

sults are subtracted and added in order.

(14)

(15)




n which is same as (13), the well known series Jor

AiS

The end-correction @ntya-sanskara)

Itis well known that the series fdf given by (13) is an ex-

kia /° cruciatingly slowly converging seriésMadhava has found
an ingenious way to circumvent this problem of slow con-
vergence. The technique employed by Madhava is known
asantya-samskara. The nomenclature stems from the fact
that a correction danskara) is applied towards the end
(anta) of the series, when it is terminated after a certain
number of terms.

Suppose we terminate the series after the t%r,nand
consider applying the correction-teranfya-sarslara) %
Figure 1: Geometrical construction used in the proof of thehen (13) becomes

¢} S

infinite series forr. T 1 1 p—11 p+1 1
R l——HF o ()T (1) =

Now the text presents the crucial argument: Wheis wtn 1

large, the Rsined,; _; B; corresponding to different arc-bits = Sp+(-1)=7 —. (19)

A;_1A; can be taken as the arc-bits themselves. T%ﬂs, _ _ B _
of the circumference of the circle can be written as the sumwhere S, denotes the partial sums in the M'adhava series.

of the contributions given by (15). Three successive approximations to the correction-diviso
c . 2 2 .2 a, given by M'adhava may be expressed as:
— =~ (- + + -4 .
8 (n) |:(k‘ok1) (/(31](32) (k‘nlkn)] ap(l) = 2p+2
. . . 4
Itis further argued in the text that the:\ denomlnaﬂQtslki ap(2) = 2p+2+ TN
may be replaced by the square of either of khenasi.e., (2p+2)
by k2 , or k? since the difference is negligible. Thus (16) _
may be re-written in the form ap(3) = Zp+2+ (2p+2) + 16 (20)
n ) P (2p+2)
¢ _ S5
8  Lun \k? Yuktibtasa [2, pp. 201-07] has outlined the proof of
=t these approximations. Following the procedure outlined
2”: (r) < r? ) there, we arrive at the following continued fraction for the
- n i) 2 correction-divisor:
i " r? 4+ (?) 52
NN ICRIEYICRY & = W42+ P
=Xl ) a2+ v
=t (2p+2)+
(17) 2p+2)+...
. . . . 21
In the series expression for the circumference given above, (21)
factoring out the powers of, the summations involved
are that of even powers of the natural numbers. Recallings the following integral
the estimates that were obtained earlier (12) for these sums " ) )
whenn is large, we arrive at the restilt € lim Z (f) = r/ _dz
C 1 1 1 8 n—»oo — n T2+(i—:)2 0 1+IE2
3" (1 3 + 5 7 T ) ’ (18) 8itis so slow that even for obtaining the valuemtorrect to 2 decimal

places one has to find the sum of hundreds of terms and fongatti
5In modern terminology, the above derivation amounts to a&iation correct to 4-5 decimal places we need to consider milliortermfs.
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Figure 2: Error in the value ofr computed using the
M-adhava series with differeantya-sarskaras Here x-
axis represents the number of terms used in finding Figure 3:Mandacorrection

The four curves depicted in Figure 2 represent the varithe mean longitude of the planet can be shown t& be,
ation of the error in the computed value ofby using
four successive correction-terms—the correction-digso Rsin(Ap) = (T—O) Rsin(fy — @). (22)
of three of which are given in (20). R
Having noted thatg < 1 in the case of many planets,
Bhaskara Il used the approximati®sin(Ap) ~ Ap,
Instantaneous velocity of a planet and obtained the following correction which when added
to the mean velocity gives the true instantaneous velocity
The Indian astronomers, for a variety of reasons—such agatkalika-sphuagati) of the planet:
determining of the exact moment of beginning and ending ; J
of atithis,” the time of occurrence of eclipses, the conjunc- a _ (7”_0) Na
tion of planets, and the like—were compelled to evolve bet-  dt (Ap) = R R cos(fo w)dt (0o = =). (23)
ter and better techniques for finding the instantaneous Vexcya|ly the instantaneous velocity of the planet has to be
locity of a planet accurately. In this connection, they havey, 41, ated from the more accurate relation
not only found the derivatives of sine and cosine function,
but also of the arcsine function and the ratio of two func- Ap = Rsin™? [(T—O) Rsin(6y — w)} . (24)
tions that are continuously varying with time. R
The correct expression for the instantaneous velocity lwhic

In Figure 3 we have depicted the motion of a planetusingy, o yes the derivative of arc-sine function has been given
an epicyclic model. Her&, and P represent the mean and by NTlakathe® in his Tantrasagraha[9]:

the actual planet respectively, is the mean longitude of a

planet,o the longitude of theicca(aphelion or apogee as ro cos(fo — @)
! i . d 1 (70 . 0 0

the case may be) anfl the radius of the concentric circle — [sm (E sin(fo — w))}

and K is thekarna (hypotenuse) or the (variable) distance

of the planet from the centre of the concentric

d(90 — w)
_ dt
\/R2 — 12 sin?(6p — @)
(25)
It may be also be mentioned here that Acyuta Pi§arat
If ro andr be the mean and actual radii of the epicycle,(c. 1550-1620) a disciple of Jybadeva, has given
then themandacorrectionAp—known asmanda-phala 3 , —— _ _ _ _
hich is essentially the same as the equation of centre cor- Equation (22) is arrived at by imposing the constraint thatriadius
w - > y a . Bt the epicycler in the mandaprocess varies with thiearna K such that
rection in modern astronomy—that needs to be applied tghe relation = "0 is always satisfied.

%In his Jyotirm imas® N llakatha mentions that this result is due to
7lt refers to the time taken by the Moon to lead the Sun exagtlys. his teacher D'amodara.




the correct form for the derivative of the ratio of two References

functions—both varying with time—in his workphua-

nirnayatantra[7] while calculating the instantaneous veloc- [1] Aryabhafya of Aryabhag with Aryabhafya-bras/a

ity of a planet in a slightly different planetary model due to

Mufij ala.

Concluding remarks

It is difficult to exaggerate the key role played by calculus
in the advancement of science, particularly during the 17th
and 18th century. Two names generally associated with the
advent of calculus are that of Newton and Leibniz, both be- [4]
longing to the later part of the 17th century. Though they
have played a decisive role in its growth, if one were to
trace the ‘long’ evolution of ideas that gave birth to calcu-

lus from a historical perspective, it turns out that they nei [5]
ther initiated the ideas, nor its development got termithate

with them.

It was amply demonstrated above that Sahgamagrama
M adhava—a brilliant astronomer and mathematician of the
14th century, belonging to Kerala—not only discovered [6]
the “Gregory-Leibniz” series, but also devised very effi-
cient methodsgntya-sarskara) to obtain fast convergent
approximations of the same. In fact, employing a certain
correction-term given by Madhava it is possible to obtain
« value correct to 13 decimal places, just by evaluating 50 [7
terms of the “Gregory” series which converges excruciat-

ingly slowly (see fn.6).

of great pedagogical value.
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